In this paper, we first introduce a new Halpern-type iterative scheme to approximate common fixed points of an infinite family of quasi-nonexpansive mappings and obtain a strongly convergent iterative sequence to the common fixed points of these mappings in a uniformly convex Banach space. We then apply our method to approximate zeros of an infinite family of accretive operators and derive a strong convergence theorem for these operators. It is important to state clearly that the contribution of this paper in relation with the previous works (see, for example, Yao et al. (Nonlinear Anal. 70:2332-2336 , 2009 ) is a technical method to establish a strong convergence theorem of Halpern type for a wide class of quasi-nonexpansive mappings. The method provides a positive answer to an old problem in fixed point theory and applications. Our results improve and generalize many known results in the current literature. MSC: 47H10; 37C25
Introduction
Throughout this paper, we denote the set of real numbers and the set of positive integers by R and N, respectively. Let E be a Banach space with the norm · and the dual space E * .
The modulus δ of convexity of E is denoted by
for every with  ≤ ≤ . A Banach space E is said to be uniformly convex if δ( ) >  for every > . Let S E = {x ∈ E : x = }. The norm of E is said to be Gâteaux differentiable if for each x, y ∈ S E , the limit
exists. In this case, E is called smooth. If the limit (.) is attained uniformly in x, y ∈ S E , then E is called uniformly smooth. The Banach space E is said to be strictly convex if x+y  http://www.fixedpointtheoryandapplications.com/content/2013/1/332 uniformly smooth. It is also known that if E is reflexive, then E is strictly convex if and only if E * is smooth; for more details, see [] . Let E be a Banach space with the norm · and the dual space E * . When {x n } n∈N is a sequence in E, we denote the strong convergence of {x n } n∈N to x ∈ E by x n → x and the weak convergence by x n x. For any sequence {x Now, we define a mapping ρ : [, ∞) → [, ∞), the modulus of smoothness of E, as follows:
It is well known that E is uniformly smooth if and only if lim t→ ρ(t) t = . Let q ∈ R be such that  < q ≤ . Then a Banach space E is said to be q-uniformly smooth if there exists a constant c q >  such that ρ(t) ≤ c q t q for all t > . If a Banach space E admits a sequentially continuous duality mapping J from the weak topology to weak-star topology, then J is single-valued and also E is smooth; for more details, see [, ] . In this case, the normalized duality mapping J is said to be weakly sequentially continuous, i.e., if {x n } n∈N ⊂ E is a sequence with x n x ∈ E, then J(x n ) * J(x) [] .
Let E be a (real) Banach space and C be a nonempty subset of E. Let T : C → E be a mapping. We denote by F(T) the set of fixed points of T , i.e., F(T) = {x ∈ C : Tx = x}. A mapping T : C → E is said to be nonexpansive if Tx -Ty ≤ x -y for all x, y ∈ C. A mapping T : C → E is said to be quasi-nonexpansive if F(T) = ∅ and Tx -y ≤ x -y for all x ∈ C and y ∈ F(T).
In recent years, several types of iterative schemes have been constructed and proved in order to get strong convergence results for nonexpansive mappings in various settings. The concept of nonexpansivity plays an important role in the study of Halpern-type iteration for finding fixed points of a mapping T : C → C. Recall that the one-step Halpern iteration is given by the following formula:
Here, {α n } n∈N is a real sequence in [, ] satisfying some appropriate conditions. A more general iteration scheme of one-step Halpern iteration is two-step Halpern iteration given by
where the sequences {β n } n∈N and {α n } n∈N satisfy some appropriate conditions. In particular, when all β n = , the Halpern iteration (.) becomes the standard Halpern iteration (.). 
introduced the following Halpern-type iteration:
He obtained strong convergence results for the sequence {x n } n∈N generated by algorithm (.) when only the conditions C and C are imposed on the sequence {x n } n∈N , see also [] . Numerous results have been proved on Halpern's iterations for nonexpansive mappings in Hilbert and Banach spaces (see, e.g., [-]). However, the following question in its full statements remains unsolved.
Open question . Are the conditions C and C sufficient for the strong convergence of the sequence {x n } n∈N generated by the algorithm (.) for all quasi-nonexpansive mappings T : C → C, where C is a nonempty, closed and convex subset of a Banach space E?
The answer to this question is known to be negative for nonexpansive mappings in a Hilbert space setting [] . http://www.fixedpointtheoryandapplications.com/content/2013/1/332
Let E be a real Banach space, and let A :
range of A is denoted by R(A).
A multi-valued mapping A is said to be accretive if for all x, y ∈ E, there exists j ∈ J(x -y) such that x -y, j ≥ , where J : E →  E * is the duality mapping. An accretive operator
A is m-accretive if R(I + rA) = E for each r ≥ . Throughout this paper, we assume that A : E →  E is an accretive operator and has a zero. For an accretive operator A on E and r > , we may define a single-valued operator J r = (I + rA)
for all r >  (for more details, see, for example, [, ]). The accretive operator has a close connection with equations of evolution. Typical examples can be found in the heat, wave, or Shrödinger equations. For some recent articles on the approximation of common zeros of accretive operators, we refer the readers to [, -].
In this paper, we first introduce a new Halpern-type iterative scheme to approximate common fixed points of an infinite family of quasi-nonexpansive mappings and obtain a strongly convergent iterative sequence to the common fixed points of these mappings in a uniformly convex Banach space. We then apply our method to approximate zeros of an infinite family of accretive operators and derive a strong convergence theorem for these operators. It is important to state clearly that the contribution of this paper in relation with the previous works (see, for example, [] ) is a technical method to establish a strong convergence theorem of Halpern type for a wide class of quasi-nonexpansive mappings. 
Preliminaries
In this section, we collect some lemmas which will be used in the proofs for the main results in the next section.
Let C be a nonempty, closed and convex subset of a reflexive, strictly convex and smooth Banach space E. Then, for any x ∈ E, there exists a unique point y  ∈ C such that
For more details, we refer the reader to [] . The mapping P C : E → C defined by P C x = y  is called the metric projection from E onto C. Let x ∈ E and z ∈ C. Then it is well known that z = P C x if and only if
for all y ∈ C, where J is the normalized duality mapping of E; see [] for more details. It is also well known that if P C is a metric projection from a real Hilbert space H onto a nonempty, closed and convex subset C, then P C is nonexpansive, but, in a general Banach space, this fact is not true; see [] for more details. Let C and D be nonempty subsets of a real Banach space E with D ⊂ C. A mapping
for each x ∈ E and t ≥ . A mapping Q D : C → D is said to be a retraction if Q D x = x for each x ∈ C. For more details, see [] .
A Banach space E is said to have a weakly continuous duality mapping [] if there exists a gauge function φ such that the duality mapping J φ is single-valued and weak-to-weak * sequentially continuous, where the gauge function φ : [, ∞) → [, ∞) is a continuous strictly increasing function with φ() =  and lim t→∞ φ(t) = ∞ and the duality mapping J φ is defined by
Lemma . []
Let E be a real Banach space having a weakly sequentially continuous duality mapping J φ with a gauge function φ. Then
for all x, y ∈ E. In particular, if J φ = J, the normalized duality mapping of E, then
for all x, y ∈ E. 
where Q is the sunny nonexpansive retraction from C onto F(T). http://www.fixedpointtheoryandapplications.com/content/2013/1/332 Definition . Let C be a nonempty subset of a Banach space E and T : C → E be a mapping. Then the mapping T is said to be demiclosed at zero if, for any sequence {x n } n∈N in C which converges weakly to z, and if Tx n -x n →  as n → ∞, then Tz = z. 
for all ρ, σ >  and x ∈ E.
Lemma . [] Let {s n } n∈N be a sequence of nonnegative real numbers satisfying the inequality
where {γ n } n∈N and {δ n } n∈N satisfy the conditions:
Lemma . []
Let {a n } n∈N be a sequence of real numbers such that there exists a subsequence {n i } i∈N of {n} n∈N such that a n i < a n i + for all i ∈ N. Then there exists a subsequence {m k } k∈N ⊂ N such that m k → ∞ and the following properties are satisfied by all (sufficiently large) numbers k ∈ N:
In fact, m k = max{j ≤ k : a j < a j+ }.
Lemma . [] Let E be a uniformly convex Banach space, r >  be a constant. Then there exists a continuous, strictly increasing and convex function g
for all i, j ∈ N ∪ {}, x k ∈ B r := {z ∈ E : z ≤ r}, α k ∈ (, ) and k ∈ N ∪ {} with 
Let {x n } n∈N be a sequence generated by
Then the sequence {x n } n∈N defined in (.) converges strongly to P F u, where P F is the metric projection from E onto F.
Proof We divide the proof into several steps.
We first note that F is closed and convex. Set z = P F u.
Step . We prove that the sequences {x n } n∈N , {y n } n∈N and {T j x n } n∈N are bounded. We first show that {x n } n∈N is bounded. Let p ∈ F be fixed. In view of Lemma ., there exists a continuous, strictly increasing and convex function g : [, ∞) → [, ∞) with g() =  such that for any j ∈ N,
This implies that
By induction, we obtain
for all n ∈ N. This implies that the sequence { x n -p } n∈N is bounded and hence the sequence {x n } n∈N is bounded. This, together with (.), implies that the sequences {y n } n∈N and {T j x n } n∈N are bounded too.
Step . We prove that for any n ∈ N,
Let us show (.). For any n, j ∈ N, in view of (.), we obtain
In view of Lemma . and (.), we obtain
Step . We prove that x n → z as n → ∞. We discuss the following two possible cases. Case . Suppose that there exists n  ∈ N such that { x n -z } ∞ n=n  is nonincreasing. Then the sequence { x n -z } n∈N is convergent. Thus we have x n -z  -x n+ -z  →  as n → ∞. This, together with condition (d) and (.), implies that
From the properties of g, we conclude that
On the other hand, we have
This implies that By the triangle inequality, we conclude that
It follows from (.) that
Since {x n } n∈N is bounded, there exists a subsequence {x n i } i∈N of {x n } n∈N such that x n i + y ∈ C for all j ∈ N. Since T j -I is demiclosed at  for each j ∈ N, we conclude that y ∈ F. This, together with (.), implies that
Thus we have the desired result by Lemma .. Case . Suppose that there exists a subsequence {n i } i∈N of {n} n∈N such that
This, together with (.), implies that
Then, by conditions (a) and (d), we get
From the properties of g, we conclude that By the same argument as Case , we arrive at
It follows from (.) that
In particular, since α m k > , we obtain
In view of (.), we deduce that
This, together with (.), implies that
On the other hand, we have x k -z ≤ x m k + -z for all k ∈ N, which implies that x m k → z as k → ∞. Thus, we have x n → z as n → ∞, which completes the proof.
Considering a single mapping as a special case, we can obtain the following corollary directly, which extends and improves the main result of [] .
Corollary . Let E be a real uniformly convex Banach space which admits the weakly sequentially continuous duality mapping J. Let C be a nonempty, closed and convex subset of E, let T be a quasi-nonexpansive mapping from C into itself, and let F be the set of fixed points of T. Assume that T -I is demiclosed at
Then the sequence {x n } n∈N converges strongly to P F u, where P F is the metric projection from E onto F. http://www.fixedpointtheoryandapplications.com/content/2013/1/332 Remark . The main result of [] gave a strong convergence theorem to approximate a fixed point of a nonexpansive mapping, while the main result of the present paper gives a strong convergence theorem to approximate common fixed points of an infinite family of quasi-nonexpansive mappings in a uniformly convex Banach space. We note that the proof of Theorem . (lines -, where the authors used the nonexpansivity of the mapping T) in [] is not valid in our discussion. We note also that the proof of Theorem  (where the author used the strong nonexpansivity of the mapping T) in [] is not valid in our discussion. So our result extends and improves the corresponding results of [, ] . Corollary . also provides a positive answer to Open question . in a Banach space setting.
Application (approximating zeroes of accretive operators)
In this section, we propose a Halpern-type iterative scheme for finding common zeros of an infinite family of accretive operators in a uniformly convex Banach space and prove the following strong convergence theorem. 
Let {x n } n∈N be a sequence generated by Proof We divide the proof into several steps.
We first note that Z is closed and convex. Set z = Q Z u.
Step . We prove that the sequences {x n } n∈N , {y n } n∈N and {J This implies that
for all n ∈ N. This implies that the sequence { x n -p } n∈N is bounded and hence the sequence {x n } n∈N is bounded. This, together with (.), implies that the sequences {y n } n∈N and {J
A j
r n x n } n∈N are bounded too.
Let us show (.). For any n, j ∈ N, in view of (.), we obtain y n -z  ≤ x n -z  -β n, β n,j g x n -J A j r n x n .
This implies that In view of Lemma . and (.), we obtain
